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Abstract— Modern power distribution systems are installed 
with a number of distributed power generation in the presence 
of Flexible AC Transmission System (FACTS) devices. 
Increased integration of distributed power generation makes 
the distribution system vulnerable to unbalanced operating 
conditions, meaning it would then require the support of 
FACTS for a smooth operation of the distribution system.  
Unbalanced power system operation requires an unbalanced 
load flow analysis in order to assess true system feasibility.  
This paper presents an innovative unbalance load flow analysis 
method with the presence of unbalanced operation of SVCs 
(Static Var Compensators) and STATCOMs (STATic 
COMpensators). Unlike the existing methods, the proposed 
method applies reduced steps in the calculation, and the 
parameter limits are dynamically determined in an iterative 
process.  Case studies demonstrate its improved convergence 
characteristics, reduced computing demand and the robustness 
of the solution. 
Keywords— Power Distribution System, Smart Power 
Distribution System, Unbalanced Load Flow, Voltage Unbalance  
I. INTRODUCTION  
Increased integration of low-carbon power generation 
technologies potentially heighten the degree of voltage and 
current unbalance in power distribution systems. Unbalanced 
operations may develop several problems, including an 
increase in power system losses, issues with the coordination 
of power system protection equipment and consumer 
appliance damage [1]. Reactive power compensation based 
on power electronic devices such as Static Var Compensator 
(SVC) and Static Synchronous Compensator (STATCOM) 
considered as the most effective method to solve the problem 
of unbalanced voltage and to improve the power quality 
problem in power systems [2].  
In most Newton-Raphson (N-R) method based power 
flow analysis, SVC and STATCOM control parameters were 
applied as independent variables, and their values were 
calculated by load flow iterative calculations [3]. Such 
approach requires several modifications to existing load flow 
algorithms and at times it makes non-convergence or 
computationally demanding. It also increases the size of the 
Jacobian and admittance matrices to accommodate the 
additional independent variables, and hence increase the 
computation time. The convergence of this method is found 
to be dependent on the initial values of control parameters of  
FACTS devices [4]. Moreover, in analysing an unbalanced 
three-phase system, most of the power flow models of SVC 
and STATCOM were based on Three-phase Power Injection 
Mismatches (TPIM), which performs poor in term of 
convergence compared with Three-phase Current Injection 
Mismatches (TCIM) [5]. 
A simplified model of SVC and STATCOM in a 
balanced N-R load flow has been proposed in [6] and [7] to 
improve the convergence characteristics and computing time. 
The power mismatch equation was used to represent SVC 
and STATCOM as a PV type bus (voltage controlled bus or 
active power and voltage magnitude known bus) with a 
specified voltage and zero generated active power, which 
keeps the original Jacobian matrix unchanged. Then, the 
parameter of voltage control devices can be calculated during 
the iteration process using less complicated equations. 
Recently some of FACTS devices have been used in power 
distribution systems, especially for voltage support [8]. 
Therefore, the models of STATCOM and SVC need to be re-
addressed for power distribution system applications  
considering unbalanc.  
Divergence problems were also reported when TCIM 
was implemented for a three-phase load flow calculation in a 
heavily loaded network with PV type buses. This issue was 
solved in [9] however, as the improved models increase 
computing time because the number of required equations at 
each PV type bus is increased to three in this case. Recently a 
new depiction of PV buses has been suggested in [10] for the 
Current Injection load flow Method (CIM) considering the 
balanced load flow approach. In this implementation, the 
required number of equations was reduced from three to one, 
resulting in lesser number of iterations and computation time. 
However, this method is applicable only for power 
transmission systems and, accordingly, there is a need of 
some modifications to accommodate the unbalanced 
operation of power distribution systems. 
This paper presents simplified models of three-phase 
STATCOM and SVC that are embedded into an unbalanced 
three phase load flow calculation. The new representation of 
a PV type bus presented in PCIM [10] is extended to an 
unbalanced three-phase power system. The advanced method 
of load flow together with FACTS device models decrease 
the complexity of the load flow calculation, improves the 
computing time, and reduces the number of iterations. The 
proposed Three-phase Power and Current Injection Hybrid 
Method (TPCIHM) is formulated in Section II. The proposed 
three phase models of SVC and STATCOM are described in 
sections III and IV. Tests and comparison of three phase 
modelling of STATCOM and SVC in the unbalanced three 
phase load flow method is analysed in section V. Section VI 
concludes the findings. 
II. TPCIHM FORMULATION 
The method proposed in this paper bridges two Newton-
Raphson (N-R) methods; the current injection method and 
power injection method. The load (PQ bus type) buses are 
modelled as in the Three-phase Current Injection Method 
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(TCIM)  [11], whereas the PV (Generator bus type) buses are 
modelled using Three-phase real Power Injection 
Mismatches (TPIM)  [12]. The Newton-Raphson (N-R) 
method is used to find the voltage magnitude and angle at 
each bus by solving the nonlinear set of current and real 
power mismatch equations. In the N-R method, the 
linearized problem is formed through the Jacobian matrix J, 
as shown in (1).  
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(1) 
Where the three phase current injection mismatch equations 
for PQ type buses are: 
∆ = 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(3) 
and the three phase real power injection mismatch equation 
for PV buses is: 
∆ =  −# # ...&'. /%&' cos$
'(,,
*
&(+
− &'- + ,&'sin$ − &'-5 
(4) 
where 
 
 = 6 − 7 (5) 
 
 
! = !6 − !7 (6) 
 
p, q   ∈ {a, b, c}       - represent the three phases 6  ,	!6 ,		7,	!7      - the specified real and reactive power 
of generators and loads at bus i for phase p.  9&' = %&' + :,&' 			- is the bus admittance matrix element. 
The sub-matrices of Jacobian  element corresponding to 
PQ buses only (;∆<=>?@A;	/BCD5?@A
, 
;∆<=>?@A
;	/BC>5?@A
, ;∆<=D?@A;	/BCD5?@A ,
;∆<=D?@A
;	/BC>5?@A
 ) are 
identical to the TCIM [11]. The elements of the Jacobian 
matrix which correspond to PQ and PV buses (E ≠ : can be 
computed as follows: 
G∆∆& = −&
$%&cos	&
− ,& sin &-		 
(7) 
G∆∆& = &
$%&sin	&
+ ,& cos &-		 
(8) 
G∆G& = −
%& + ,&		 (9) 
G∆G& = −
%& − ,&		 (10) 
The last element of the Jacobian matrix which is 
corresponding to PV buses (;∆H=?@A∆IC?@A ) are identical to the 
elements used in TPIM [12]. After calculating the Jacobian 
matrix and mismatch equations, the voltage magnitude and 
angle for PQ buses and the only voltage angle for PV buses 
are needed to be calculated and updated during the iteration 
process. Therefore, for PQ buses; 
 
J+  =  + ∆  J+  =  + ∆ (11) 
 .J+. = KJ+ " + J+ " 
(12) 
 J+ = LMNO+ J+
 
J+  
For PV buses; 
 
J+ =  + ∆ (13) 
III. STATCOM MODELING 
Based on the operating principle of the STATCOM, the 
three-phase equivalent model of STATCOM is shown in 
Fig.1. The impedance (
	) represents the mutual and self-
impedance of STATCOM’s transformer and converter. The 
controllable voltage source (	∠	) is used to regulate the 
voltage at the bus where the STATCOM is connected. 
However, the magnitude of STATCOM voltage is limited by 
the maximum and minimum values, while its phase angle 
can vary from 0 to 2π. 
 
Figure 1. Three-phase STATCOM equivalent circuit 
Under ideal conditions, it could be considered that there 
is an insignificant real power exchange between the AC 
system and the STATCOM, and only the reactive power can 
be exchanged between them. Therefore, the STATCOM 
connected bus is represented as a PV type bus with a 
specified voltage magnitude and zero real power generation 
when it operates within limits. The parameters of the 
STATCOM model for each phase shown in Fig.1 can be 
calculated using (14), which can be used to check the 
operation limits of STATCOM at the end of each iteration.  
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Where 
[	&	] = {M, _, `} 
V = ∠ V	 = 	∠	  X	 = 	' + :!	  
As there is no active power generation or absorption from 
STATCOM, 	 = 0, !	 can be calculated during the 
iteration process using (15). 
!	 = # # ...&'. /%&' sin$ − &'-
'(,,
*
&(+
− ,&'cos$ − &'-5 + !O7cd  
(15) 
If the injected voltage 	  of STATCOM violates its limits 
(	O* < 	 < 	Of , the bus type is changed to a 
load bus (PQ) and the generated or absorbed reactive power 
results from the violated limit. Therefore,  
 
	 = 	Of ,	 if     	 ≥ 	Of  
	 = 	O* ,	 if     	 ≤ 	O*  (16) 
IV. SVC MODELING 
Similar to STATCOM modelling, SVC can also be 
modelled as a PV type bus, and either the SVC’s firing 
angle, αSVC, or the SVC’s equivalent susceptance, BSVC, are 
considered as controlled variables. Their limits are then 
checked with the iteration calculations. The three-phase 
SVC consists of a delta-connected Thyristor Controlled 
Reactor (TCR) in parallel with a star connected capacitor 
bank. For power flow analysis the capacitor bank is 
transferred to a delta connection where the firing angle or 
total susceptance model is used [12]. The total susceptance 
model of the three-phase delta connected SVC is shown in 
Fig. 2. 
  
 
Figure 2. Three-phase SVC equivalent circuit 
The parameters of the SVC model shown in Fig.2 
considering star connections can be calculated at each 
iteration using (17). 
 
,PBQ =  !PBQ

" (17) 
!PBQ  is calculated using (15). The parameters of the SVC 
model considering the delta connected can be calculated 
using star-delta transformation, as shown in (18). 
 
,PBQ' = ,
,' + ,, + ,',
, 	 
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If the parameters of SVC violate its limits, the bus type is 
changed to a load type bus (PQ) and the generated or 
absorbed reactive power is corresponded to the violated 
limit. It is also possible to calculate the thyristor firing angle 
αSVC using (19). 
 
,PBQ' = ,Q' − ,RQS'  
										= ,,'∑ ,&&(,, −
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(19) 
V. CASE STUDIES 
There are three case studies in which the first case study 
is to investigate the computing time and convergence 
characteristics of a proposed TPCIHM. The second and the 
third case studies are to validate STATCOM and SVC 
models and to check the performance in improving voltage 
unbalance. All load flow algorithms were implemented on 
MATLAB (R2017a) and the relative convergence tolerance 
ϵ was set to 1.E-12. The maximum number of iterations was 
set to 50. All tests were performed on an Intel computer i7-
6700 at 3.4 GHz CPU and 12GB RAM. 
A. Case Studies on TPCIHM 
Two unbalanced distribution networks, IEEE 13-bus test 
feeder and IEEE 37-bus test feeder [13] were used to test the 
performance of the proposed load flow methods and 
compare with the TPIM used in [12] and TCIM used in [9]. 
The comparison was intended to evaluate the rate of 
convergence and execution time considering the number of 
PV bus connections. As a new representation of the PV 
buses proposed here, a number of generator buses were 
added to both tested feeders. All loads are assumed to be 
constant power load type and are connected in a Wye 
configuration. 
All load flow methods converge at the 5th iteration. The 
average computation time for different load flow methods 
were investigated and presented in Table 1. It can be 
observed that the TPCIHM method keeps the same number 
of iterations; however, the average computation time is less 
compared with other N-R methods. 
TABLE 1. COMPARISON OF COMPUTING TIME 
 
Executing Time (s) 
IEEE 13 IEEE 37 
TPIM 0.01685 0.15280 
TCIM 0.01240 0.08385 
TPCIHM 0.01105 0.08365 
 
  
 Phase Voltage (pu) 
Bus No. a b c 
1 1.060∠0.00° 1.060∠−120.00° 1.060∠120.00° 
2 1.000∠−2.02° 1.000∠−121.84° 1.000∠117.58° 
3 0.982∠−4.67° 0.988∠−124.74° 0.991∠115.38° 
4 0.981∠−4.84° 0.983∠−125.05° 0.987∠114.88° 
5 0.979∠−5.96° 0.975∠−124.74° 0.960∠113.23° 
Total Real Power Losses =18.72 MW 
 
 Phase Voltage (pu) 
Bus No. a b c 
1 1.060∠0.00° 1.060∠−120.00° 1.060∠120.00° 
2 1.000∠−2.04° 1.000∠−121.84° 1.000∠117.61° 
3 0.982∠−4.64° 0.989∠−124.83° 0.995∠115.37° 
4 0.981∠−4.79° 0.984∠−125.16° 0.992∠114.86° 
5 0.980∠−5.76° 0.980∠−125.19° 0.980∠113.09° 
BSVC 0.0500 pu 0.0882 pu 0.1588 pu 
Esh 0.985∠−5.76° 0.989∠−125.19° 0.995∠113.09° 
Total Real Power Losses =18.54 MW 
 
TABLE 3. UNBALANCE LOAD FLOW RESULT INCORPORATING SVC AND 
STATCOM 
B. Case Studies on SVC and STATCOM Model  
The objective of this study is to validate the result 
obtained from the developed three-phase SVC and 
STATCOM models and to compare the convergence 
performance with other published models.  A 5-bus network 
shown in Fig. 3 was used to validate the three phase SVC 
and STATCOM models and to compare them with models 
used in [12]. For the purpose of this study, an imbalance in 
operating conditions was introduced into the test network by 
altering the load at each phase.  
3 4
2 5
1
 
Figure 3. The five-bus test network [12] 
First, the unbalanced three phase load flow was carried 
out without incorporating SVC or STATCOM in the 
network. The convergence of load flow was achieved in four 
iterations, whereas in TPIM was achieved in five iterations. 
The voltage at each bus and the total power loss is shown in 
Table 2.  
Then, the three-phase load flow is calculated 
incorporating the proposed SVC and STATCOM models 
separately to regulate the voltage at bus 5 to be 0.98 pu. In 
this instance, the total susceptance model is used and the 
minimum and maximum susceptance limits are considered 
as -0.25pu and 0.25pu respectively at each phase. The 
source impedances of STATCOM are Xsh = 0.1 p.u. each 
per phase, and the minimum and maximum voltage source 
limits are 0.95 pu and 1.05 respectively. The power flow 
result and the voltage control devices parameters are given 
in Table 3, which are identical to that found in [12]. 
TABLE 2. UNBALANCE LOAD FLOW RESULT FOR BASE CASE 
Finally, the proposed model was tested and compared 
with other models in different test feeder systems to check 
the convergence characteristics. The comparative method 
used for STATCOM is [14] and for SVC is [12]. From 
Table 4, it can be observed that the developed model has 
better convergence characteristics than a comprehensive 
STATCOM and SVC model in conventional TPIM load 
flow. It was noted that the number of iterations in the 
proposed model remains the same when incorporating the 
SVC and STATCOM, while in the comparative models the 
number of iterations increased. As the convergence of the 
comparative method is dependent on the initial values of the 
control parameters, the number of iterations increased as the 
initial values were changed. For example, the number of 
iterations for the comparative model increased from 6 to 9 
when the initial value of BSVC changed from 0.2pu to 
0.05pu. 
TABLE 4. COMPARISON OF CONVERGENCE CHARACTERISTICS  
IEEE 
System 
Comparative Models Proposed Models 
STATCOM 
Model 
SVC 
Model 
STATCOM 
Model SVC Model 
IEEE 13 9 8 5 5 
IEEE 37 6 8 5 5 
C. Case Studies on Unbalance Voltage  
This study aims to calculate and improve the unbalance 
voltage using SVC and STATCOM in an unbalanced power 
system. In reality, the mutual coupling and connected load 
between phases are not equal, especially in power 
distribution network, resulting unbalanced voltage between 
phases. A common method of evaluating the degree of 
Voltage Unbalance (VU) is to use the National Electrical 
Manufactures Association (NEMA) as given in (20). The 
NEMA standards state that VU should not exceed 1% for 
three phase induction motor to give rated output [5]. 
VU = ~Max. {
 − 13∑ (,, }~13∑ (,,
× 100 (20) 
 
The modified IEEE 37-bus unbalanced radial 
distribution feeder was used for this study where a voltage 
regulator was removed, as shown in Fig. 4. In this test 
feeder, the loads are very unbalanced, and the distribution 
lines are not transposed. 
 
Figure 4. Modified IEEE 37-bus Test Feeder [13] 
Three cases of power flow analysis are considered in this 
part of the investigation. Case 1 is a load flow analysis with 
no FACTS-control devices. As expected from the load flow 
result, this system has a higher degree of voltage imbalance, 
especially from buses 22 to 35, as shown in Fig. 5. It can be 
also noted from Fig. 7 that the VU counted more than 2.5% 
(bus 31-34). Case 2 is a load flow analysis with FACTS 
devices connected to regulate the voltage at the connected 
bus. A voltage control device was used to regulate bus 7 to 
have a balanced voltage of 1.01 pu at each phase. In this 
case, the SVC or STATCOM supply reactivates power at 
‘phases a and c’ and absorbs the reactive power at phase b.  
It can be noted from Fig. 7 that the VU is reduced to 1.5 %.  
In Case 3, one of the voltage control devices was used to 
reduce the voltage imbalance to be less than 1% in all buses. 
It was connected to the same bus (bus 7), but with different 
target voltages at each phase so that the voltage imbalance is 
limited to 1%. To achieve this limit, the target voltage was 
set to be Va=1.02pu, Vb=1.005pu, and Vc=1.01pu. The 
voltage imbalance is improved and reduced to be a 
maximum of 0.86% at bus number 34, as shown in Fig. 6 
and Fig. 7. This case study indicates that unbalanced control 
of these devices can further improve the overall VU in the 
network, especially in active distribution system when 
considering Optimal Power Flow (OPF). 
 Figure 5. Three Phase Voltage for Case 1 
 Figure 6. Three Phase Voltage for Case 3 
 Figure 7. Voltage Unbalance at Each Bus for All Cases 
VI. CONCLUSION 
This paper presented an innovative unbalanced power flow 
solution method to apply in unbalanced operation of SVCs 
and STATCOMs. The method bridges the power and 
current injection in single platforms, and the hybrid 
combination solves the problem robustly and efficiently 
with less computing time demand.  
Extended studies with the proposed method suggest that 
the FACTS devices are not only regulated with the 
connected bus voltage but also improve the entire power 
distribution system voltage profiles.  
Increased integration of renewable power generators, 
including photovoltaics to power distribution systems, 
requires advanced approaches to address unbalanced 
operating conditions. The proposed method is one of the 
alternatives that fits for purpose and provides extended 
opportunities for the optimization of smart power 
distribution system applications with the presence of 
increased distributed power generation.  
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